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Abstract
The mathematical aspects of an algebraic technique developed
during optical research, but which appears to be generally applicable to
any class of linear systems for which there exists a transfer function.
The algebra incorporates Wiener's generalized harmonic analysis in a
natural manner and thus allows a uniform treatment of the statistical
aspects of waves and of the instruments through which they pass. In par-
ticular it furnishes a basis for answering questions of coherence and
depolarization, i.e., the statistical aspects of superposition.
!L
MATRIC ALGEBRA OF ELECTROMAGNETIC WAVES
1. Introduction
The following report deals with the mathematical aspects of an
algebraic technique which developed during the course of research on
the general theory of optical instruments but which appears to be
generally applicable to any class of linear systems for which there
exists a transfer function. The algebra incorporates Wiener's generalized
harmonic analysis in a natural manner and this allows a uniform treatment
of the statistical aspects of waves and of the instruments through
which they pass. In particular it furnishes the answer to questions
of coherence and depolarization, i.e., the statistical aspects of
superposition.
An important distinction between the optical and radio regions
of the electromagnetic spectrum is the statistical one. As the wave
length of radiation becomes shorter one has less and less detailed
knowledge of the positions and phases of the radiating elements. In
the radio region this knowledge is for all practical purposes absolute;
in the optical region it is almost entirely statistical. The experimental
techniques in the two regions are markedly different both as to mode
of generation and mode of measurement of the radiation. For a long
time it has appeared desirable to close the gap experimentally in the
sense of producing effective millimeter wave generators. From a
theoretical standpoint, the existence of a similar gap has not been
so obvious although there are few who have studied the common brand
of physical optics who have not felt a passing dissatisfaction with
the ad hoc character of the treatment of many parts of it in terms
of monochromatic plane waves. Symptomatic of this dissatisfaction
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has been the work of Gouy, Schuster, Stokes, Rayleigh, Mueller, and
Wiener directed toward a proper description of the "white" and "partially
polarized" aspects of radiation. Even in the microwave region the
necessity for statistics makes itself felt when one is faced with the
problem of scattering from sea waves, the leaves of trees, and other
assemblages of scatterers. It is the purpose of this report to sketch
the logical structure of an algebraic theory which includes the statistical
element.
The roots of the theory lie in the researches of Mueller, Wiener,
Jones and their predecessors, men described above as being concerned
primarily with optical problems. For those not concerned with optics
the term "optical" may be taken as indicating that the statistical
aspects of radiation are under consideration and that the approach
is based on researches in the optical field. The application to
microwaves and radar problems appears to be direct and interesting.
A parallel treatment of circuit theory, "Synthesis of Optimum Linear
Systems," by Y.W.Lee will appear in a forthcoming report of this series.
The common ingredients for all this work is N.Wiener's "Generalized
Harmonic Analysis" and the transfer function which represents the
relation between the input and output of an instrument. The concept
of a transfer function pervades the theory of communication networks,
servomechanisms, and more recently optics and is known by various
names such as: system function, immittance function, transfer ratio,
transmission ratio, operator.l How the transfer function enters the
1) Greenwood, I.A., et al.: "Electronic Instruments," Rad. Lab. Series,
Vol. 21, McGraw-Hill, N.Y., 1948. p.230.
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problem and how the generalized harmonic analysis handles the statistical
aspects is best seen from a detailed study of the remainder of the
report. Recognizing that the Jones matrix and the Mueller matrix
are examples of transfer functions will enable one to translate the
"optical algebra" related here into an algebra applying to other fields.
The word algebra is stressed because the language of the report
is algebraic. Techniques from analysis such as integration, correlation,
averaging, convolution, etc., have been employed but they are subsumed
as definitions of generalized algebraic operations. The practical
value of "algebraizing" a branch of theory lies in the resulting
simplification and systematization of the calculations which one
finds it necessary to make in any application.1 These considerations
1) There is an increasing number of indications of this trend, especially
in engineering, e.g., Brown, G.S., and D.P.Campbell:"Principles
of Servomechanisms," Wiley, N.Y., 1948., p.143.
motivated both Jones and Mueller in the development of their optical
algebras. Wiener, on the other hand, was more deeply concerned with
the interrelation between statistics and harmonic analysis and in the
analytic problem of representing "white" light. The algebra of this
report shows the logical interrelation between the work of Jones,
Mueller, and Wiener. In the process there develops a statistical theory
of optics which forms the natural bridge between the microscopic and
the macroscopic aspects of the subject.
The need for the research was called to the writers attention by
Mueller whose "Foundations of Optics" (19148) develops a phenomenological
theory of light based on the Stokes vector representation of the radiation
and a 4x4 matrix representation of the instrument through which it
passes. Mueller is the first to have noticed the desirability of a
phenomenological approach to the subject, giving operational definitions
of the basic quantities.
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In 1941 there appeared the first of a series of papers by Jones
presenting "A New Calculus for the Treatment of Optical Systems."l
1) Jones, R.C.: Jour. Opt. Soc. Am., 31,488-503 (1941); 37f107-112
(1947). This calculus will be referred to as Jones algebra.
The radiation discussed is a monochromatic plane wave characterized by
the components E and Ey of the electric amplitude. They are called,
collectively, the Maxwell vector. Jones studied in detail the class
of 2x2 matric transfer functions characterizing the effect of the
optical instrument on the radiation. Such instruments are called
elementary. Their matrices are denoted by J and called Jones matrices.
In 1942 Perrin published a paper on the "Polarization of Light
Scattered by Isotropic Opalescent Media. "2 In this paper he used the
2) Perrin, F.: Jour. Chem. Phys. 10,415-417 (1942).
Stokes vector and introduced a 4x4 matrix to characterize the scattering
media. The results of this paper were established from wave optics
with not too systematic a treatment of the statistical aspects.
Mueller realized that the Stokes vector and this 4x4 matrix were
observables and capable of being made the basis of a phenomenological
treatment of optics. He further realized that an algebra based on this
vector and matrix would be a direct and powerful tool for the solution
of problems of interference and scattering which were engaging his
attention. The result has been an extremely effective algebra dealing
directly with observable quantities. The 4x4 matrices which represent
the instrument and which are elements of this algebra will be denoted
by M and called Mueller matrices.
This brings the discussion to the point at which the present
research began. Mueller made the suggestion that there should be a
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simple relation between Wiener's coherency matrix defined in the
fundamental paper on generalized harmonic analysis and the Stokes
1) Wiener, N.: Acta Math. 55,117-258 (1930)
vector and that the generalized harmonic analysis would probably be
the key to the relation between wave optics and phenomenological
optics. His conjectures were born out and the results are the subject
matter of this report.
2. Jones Frequency Algebra.
Jones algebra is a mathematical system in which the vector
(1) E(w) = (Fl(w),F2(w))
characterizes the radiation. The F1 and F2 are the spectral resolutions
of the electric amplitude components of a plane electromagnetic wave.
Jones confines his attention to this pair of densities at a single
frequency under the classical idealization of a monochromatic wave.
Such a wave is an elementary solution of the electromagnetic wave
equation in free space in rectangular coordinates and is called an
"elementary" wave. The effect of the instrument which transforms the
wave is characterized by a matrix
(2) J(w) [Jij(w)]
with components which are complex functions of frequency. Instruments
which can be so characterized will be called "elementary" instruments.
The definition of J is given by the basic transfer formula, a fundamental
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operation of the algebra,
(3) E' = 2JE
where E' is the plane wave component of the emerging radiation.
A second fundamental operation of the algebra is addition
(4) E =El1 E2
which is interpreted as coherent superposition.
Matrix multiplication
(5) J J2J1
is interpreted as the effect of two instruments in series.
Matrix addition
J = J1 + J2
is interpreted as the effect of two instruments in parallel.
As examples of the E's one may cite
E - (1,0)
E = (0,1)
E - (l,i)
E - (i,l)
HORIZONTAL LINEARLY POLARIZED RADIATION
VERTICALLY LINEARLY POLARIZED RADIATION
RIGHT CIRCULARLY POLARIZED RADIATION
LEFT CIRCULARLY POLARIZED RADIATION
As examples of the J's one may cite
J = ; real; IDEAL POLARIZER
J b
LiB1
e 0
= iB2 ; B1,B2 real; IDEAL WAVE PLATE
e
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(6)
(7)
(8)
Fcosa sin1
J = ; a
sina coax
The correctness of the examples
computing the polarization ratio
real; IDEAL ROTATOR
of the E's may be verified by
R(w) F2(w)/Fl(W) : eiStan .(9)
The significance of the polarization
the graph
x(t) Re(Fl(w)e-it)
(10)
which
cance
(11)
ratio may be understood by considering
/ b
y
, a
X
is an ellipse as shown in Fig. 1. Noting the geometrical signifi-
of the angle a and defining 
P - tan lb/a
where a, b are the semi-major and minor axes, one has the formulae
tan 2 = tan 2YcosS
sin 2 = sin 2YsinS
connecting the polarization with the geometrical properties of the
polarization ellipse.
3. Mueller Frequency Algebra.
Mueller algebra is a mathematical system in which the vector
L - (L, ,L3,L) = (I,M,C,S)1 LL2 L3 4
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(12)
(13)
I 1I  
y(t) Re(F2(w)e-iut) C5v
called a Stokes vector, characterizes the radiation. The index notation
is used here. The I,M,C,S notation was used by Mueller in his earlier
work.
The effect of the instrument is represented by a real 4x4 matrix
(14) M = [miJ
The intuitive meaning of the Stokes vector is best obtained with
the aid of the Poincare sphere representation. The first component
I, is the intensity of the radiation. The remaining three components
are treated as a vector the direction of which is represented by a
point on a sphere. If S is the vertical axis, the north pole, and M
and C lie on the equator, then the north pole corresponds to right
circularly polarized, the south pole to left circularly polarized
light, the equator to various angles of linearly polarized light. The
northern hemisphere corresponds to right elliptically polarized light
and the southern hemisphere corresponds to left elliptically polarized
light.
Mueller is working out a beautiful interpretation of the instrument
matrix M, thinking of it as a linear transformation of the Poincar6
sphere which takes it into a quadric surface.
The definition of M is given by the fundamental transfer formulae,
a basic operation of the algebra
(15) L' = ML
A second fundamental operation of the algebra is addition
(16) L = L1+ L2
which is interpreted as incoherent superposition.
-8-
Matrix multiplication
(17) M =M2M1
is interpreted as the effect of two instruments in series.
Matrix addition
(18) M =1 + M2
is interpreted as the effect of two instruments in parallel.
As Mueller and Jones used their algebras, they were restricted
in interpretation to monochromatic waves. Already in this introduction
the E, J, L, M are to be thought of as functions of frequency. The
meaning of this generalization will become evident as the report
progresses.
The very important distinction between the algebra of Jones and
that of Mueller is the fact that the E's are electric field intensities,
whereas the L's are intensities in the sense of power per unit time.
The L's are squares of the E's. This is the Linear-Quadratic Duality
between theoretical quantities and observables which also appears in
quantum mechanics. It is the purpose of this report to show how
Wiener's Generalized Harmonic Analysis furnishes the required mapping.
4. Wiener's Generalized Harmonic Analysis.
Wiener pointed out that, in the electromagnetic theory of light,
the field vectors E and B are not observables as they appear to be
at lower frequencies.l Optical observations always end in intensity
1) Wiener, N.: "Harmonic Analysis and the Quantum Theory." Jour.
Franklin Inst. 207 525-539 (1929).
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measurements, made with the aid of the blackening of a photographic
plate, the use of a photometer, a photoelectric cell, a bolometer,
or naked eye estimates. The quantities of the Maxwell theory which
most nearly correspond to these observations are the
Energy Density = (ED + B-H)
and the
Poynting Vector = E x H
quantities which depend QUADRATICALLY on the field vectors E,B,D, and H.
This linear-quadratic duality is exactly the relation between the
algebras of Jones and Mueller. This linear-quadratic duality is also
exhibited in the quantum mechanics. Schroedinger's wave equation
yields the wave function P . The corresponding observables are the
quantities
F = Fp at
where F is an operator. As will be seen, it is some sort of statistical-
average-square which in the present case and in the quantum theoretical
case provides the required "statistical bridge" between the LINEAR
theoretical quantities and the corresponding expected values of the
observables. For the present case the required correspondence is
Wiener's Generalized Harmonic Analysis.1
1) The fundamental paper is: Wiener, N.: Acta Math. 55, 117-258 (1930),
which contains an extensive and carefully analyzed bibliography. More
closely connected with the work of Y.W.Lee is: Wiener, N.:"The
Extrapolation, Interpolation and Smoothing of Stationary Time Series;
With Engineering Applications." D.I.C. Contract 6037, Massachusetts
Institute of Technology, 1942. To be published by Wiley, N.Y.
As introduced by Wiener, the Generalized Harmonic Analysis of a
function f(t) divides naturally into two steps. The first and essential
step is the computation of the auto-correlation function
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T(19) p()= (f(t+ f*()Avg = Lim T Agf(t f*()d
The second step is the computation of the Fourier transform
(20) S(w) CP(t) = J (t)eiWtdt
-O
The functionS(t) can be interpreted in terms of an interference
patternI and will be called the INTERFERENCE of f(t). Likewise the
1) Parke, N.G.: "Matrix Optics", Ph.D. Thesis, Course VIII, M.I.T.
1948; Ch. II.
function S(w) can be interpreted with the aid of an idealized grating
spectrograph and will be called the SPECTRUM of f(t).
An easy generalization of eqs. (19) and (20) is required for
present purposes. Suppose that
(21) f(t) = ianfn(t)
where an are complex constants. Then
(22) F(t) = an c (t)a*n nm m
where
(23) Pn(t) n(t))fm (t+t> Avg Interference Matrix
and repeated n and m imply summation as in tensor analysis. This
summation convention will be used throughout the remainder of this
report and indeed will very shortly be extended to cover two integration
processes.
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Continuing with the generalization
(24) S(w) = anSnm(w)~a
where
(25) snm(w) = Pnm(t) Spectral Matrix
called by Wiener a "coherency matrix".
It now turns out that if
-iw t
(26) fl(t) = F (wo )e
-i ot
f2(t) = F2 (wo )e
then
I+M C-iS
(27) Snm(w) = L 6(w-wO)
LOfi S I-M
where 8 is the Dirac delta-function and (I,M,C,S) is the Stokes vector
of the same radiation. Thus, for the monochromatic case one has the
required correspondence between the Maxwell vector and the "real"
Stokes vector used by Mueller. It is convenient to make a change of
definition and a generalization at this point and define the "complex"
Stokes vector L = [L(w), L2 (w),L(w),L4 (w)for any plane wave (fl(t),f 2(t))
to be
LL(w) L3(w),
(28) -Snm (w) =
L2 (w) L4 (w)j
In what follows the adjective "complex" will be dropped but it is the
complex Stokes vector which is intended. It turns out that for a
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monochromatic plane wave of frequency .,, the relation is
(29) L(w) L (W) F1(W )F1 (w) F1(Wo)F2(w W
L2() (w(4))F( (W oL2() L4(wj LF2(Wo)F (wO) F2 (wo )F2 (W
which, in terms of complex Stokes vectors, has the hallmark of simplicity.
5. Jones Time Algebra.
The Jones and Mueller algebras and the Wiener correlation process
have been introduced. A brief indication of their interrelation has
been given. The desirability of such algebras will not be labored here.
Some discussion of their application will be found in the papers of
Jones which have been cited and in a forthcoming paper by Mueller.
Here the interest is in the logical development of a generalized
algebra into which Jones algebra of theoretical quantities and Mueller
algebra of observables play their natural roles. Heretofore there
has not existed a uniformly succesful technique for computing theoretically
the quantities which Mueller has defined phenomenologically. This
technique bears the same relation to optics that statistical mechanics
bears to thermodynamics and might well be called statistical optics
if it proves sufficiently fruitful.
One point was glossed over in the last section which must be
squarely faced in this one. The Wiener correlation applies to time
series. The Jones algebra, as introduced, involves functions of
frequency. The Jones matrices, as functions of frequency, are the
steady state response of an elementary optical instrument. What is
needed is the equivalent time version of Jones algebra in which the
Jones matrices, as functions of time, are the response of an elementary
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optical instrument to a unit impulse. The Jones time-algebra is actually
the more fundamental. The radiation is represented by the Maxwell
vector,
(30) e(t) = (rl(t),f2(t))
where
(31) E(w) =e(t)
If one writes the basic formula (now a "convolution")
(32) e'(t) =J (t)e(t-7)dT
-
he finds that the Fourier transform of this formula is indeed
E'(w) = 2J(w)E(w)
as required.
An important point must be remembered, E(w) exists if and only if
e(t) is a transient. Often in what follows e(t) will be a stationary
time series which, however, can be artifically turned into a transient
for analytical purposes. The Maxwell vector e(t) may indeed be any
time series for which the Wiener correlation exists.
A second important point is that e(t) is assumed to "satisfy" a
linear differential equationl and hence that the superposition
1) It is assumed that it can be shown that any e(t) is a member of
an equivalence class of e(t) under the correlation process and that
at least one member of this class is well enough behaved to satisfy
the required differential equation.
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(33) e(t) = el (t) + e2 (t)
is ALWAYS MEANINGFUL in the sense of yielding another solution of the
same equation and boundary conditions, the resultant of the two original
waves.
6. Generalized Jones Algebra.
A point which is not evident from the considerations introduced
up to this point, but nevertheless of importance, is the fact that
the Jones frequence algebra is limited to the representation of
completely polarized radiation, i.e., radiation for which
I2 = M2+ C+ S2
and the representation of non-depolarizing instruments. The corresponding
Mueller matrix is more general and includes depolarizing instruments.
What is needed is a generalization of Jones algebra which after the
application of the Wiener correlation will yield the Stokes vectors
of partially polarized radiation and the Mueller matrices of depolarizing
instruments. It is the Jones time algebra which can be generalized.
The kind of problem which motivates the generalization is the
following one:
COLLECTION OF
0. 0. MSCATTER IN
0 CENTERS
.D . ./° °0 ° 0
ED (°t) J (t) 0
f/3 (t) \ /~ bMN OUTGOING
N INCOMING WAVELETS, WAVELETS,
DIRECTION S DIRECTION '
Figure 2. Scattering, A Basic Optical Problem.
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about which a number of things need to be said. As a matter of notation
f (t) where = 1,2 represents the vertical and horizontal components
of a Maxwell vector. It will prove convenient to think of the incoming
radiation as a set of N wavelets, j = 1,2,...,N, the Maxwell vector
of the jth being f(t). This more complex entity is conveniently
thought of as the direct sum of the component wavelets. Ordinary
summation on is superposition, which in many calculations is temporarily
not carried through until the question of relative retardation has
been settled.
When using the index notation, it is convenient to write the
Jones matrix jP(t) and the basic formula
a +00
(34) f (t) = j i(T)fp(t- dt , (summation on p )
The mathematical entity iP (t) where i=l1,2,...,M is the direct
sum of the Jones matrices of the separate scattering centers, it is
a generalized Jones function representing the scattering system as
a whole.
It is now possible to make the calculation
+00
(35) f'iJ (t) = j 1 (r)f (t-T)dr
in which f'ij(t) is the generalized Maxwell function representing the
MN emerging wavelets. Ultimately the "algebra" will be reduced to
matrix-vector form, but for the moment it is desirable to let indices
accumulate. In order to free the calculations of integral signs it
is desirable to introduce the convolution convention:
Repetition of a time variable with a single bar under both occurances
implies convolution.
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Then one may rewrite eq.(35)
(36) fr , i (t) = ip (to)f % ( t - t )a a 0 P 
where to is an example of a continuous dummy index.
Equation (36) leaves open the question of superposition on i
and j. Indeed, one may assume that the problem of superposition has
been solved at the previous stage and that the j is absent, the incoming
wave being f(t) and the formula becomes,
(37) fli(t) = i$(t o)f (t-t ).
The geometry of the relative retardations of the various scattered
wavelets fti(t) must be answered before superposition on i can be
carried out.
In the first place it is assumed that the positions ri(t) of the
M scattering centers are known for all time t.
Q:SCATTERING CENTER
-& IS
f (t)
0
P: POINT OF
OBSERVATION
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Figure 3. Retardation Geometry
.
-. I
S
f i 
At the point of observation P, eq.(37) becomes
I(38.) fli(t - s iP (t )f(t r-r)(t) s.ri(t) ) t
i, not summed, which after change of epoch becomes
(39) fI(t) = J(to)f ((t-to) (i summed)(s-sl)'ri(t-t° ))
where the times of the order of that required for the wave to traverse
the scattering medium have been neglected in the evaluation of the
relative position ri(t) of the scattering centers. To include this
refinement is beyond the scope of the present analysis. The necessity
of the refinement becomes less and less as the diameter' of the
scatteringvolume approaches zero. Eq.(39) is taken as the basic
formula of generalized Jones algebra and, as shown in the sequal,
leads to many interesting results in agreement with a widely scattered
literature, including scattering of x-rays by liquids.
One may summarize by saying that Jones time-algebra is sufficiently
general to represent partially polarized radiationdue to the fact
that fl(t), f2(t) may be members of a class of random functions of t.
Generalized Jones algebra, because it allows the inclusion of the
statistical aspects of the instrument, e.g., ri(t), is capable of
including, in its range of description, depolarizing instruments.
7. Elementar Mueller Algebra.
The relation between Jones and Mueller algebra will be clearer
if one restricts the consideration for the moment to elementary Jones
algebra, i.e., to the effect of a single elementary instrument. In
this case the basic formula is
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(40) f (t)= C(t )f a(-to)
The Wiener correlation of the in coming radiation is
T
(41) ft Lim~2T f (t+t o )f (to)dto(PpT-) 2 -T
In order not to clutter up the calculation with integral signs it is
desirable to introduce the correlation convention:
Repetition of a time variable with a double bar under both
occurances implies Wiener Correlation.
Then one may rewrite eq.(41),
(42) ap (t) = f(t+i)f*(to)
Now it is interesting to compute the interference cpL (t) of the
emerging radiation. The result is
(43) f (t+hi f*(t) = j(th b of(t)
from which results the basic formula
(44) Cp (t) = z ' & (tl,. t2 )p (t-t1+t2 )
where one defines the Mueller function
(45) ?Yt' (t1,t2 ) = Y(t )J8* (t2 )
as the Kronecker Product of the Jones function and its complex conjugate.
Equation (44) is the basic formula of Mueller time-algebra.
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$Taking the Fourier transform of eq. (44) yields
(46) S' (w) = M(w)S8 (w)
as the basic formula of elementary Mueller frequency-algebra; where
(47) Mo(w) = (2rrJ(w)) (2nTJ(w))
is a "reduced" Kronecker product of Jones matrices.
If one introduces the "index reduction" transformation
(Jw)+-s ((w) Complex Mueller Matrix
(48)
:j (w) )S+--4#S(w) Complex Stokes Vector
where i = a+2(P-l), J = y+2(8-1) , one may write eq. (46) as
(49) X(w) = (w) (w )
the basic formula of elementary complex Mueller algebra. This algebra
is elementary because M(w) represents at most a non-depolarizing instru-
ment. The"index reduction" transformation illustrates the technique of
passing from a multi-index notation to the more usual matrix-vector nota-
tion. It is widely used in algebraic structure theory.
8. Generalized Mueller Algebra.
The end of the structural theory is now in sight. It began with
Jones t-algebra and will be completed with the construction of generalized
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Mueller frequency-algebra. The end result is a set of expressions for
Stokes vectors and Mueller matrices which require for their evaluation
1. The Maxwell vectors characterizing the underlying set
of elementary waves.
2. The Jones matrices characterizing the underlying set of
elementary instruments.
3. The statistical distribution of the waves.
4. The statistical distribution of the instruments.
The net result is a statistical theory of radiation in quite the same
spirit as a statistical mechanics of particles.
One begins with the basic transfer relation for generalized Jones
algebra
(39') f (t) = (to )fi (t-to)
where
(50) fJ(t) = f( - s' v (
In eq.(39') the summation on j is feasible because all retardation
effects have been accounted for. Furthermore it should be noted that
the instrument statistics have been restricted to the question of their
positions, ri(t).
Application of the Wiener correlation gives
(51) (t J) J8 () fj (t+t -t)fk (t-t)
or
(5:2) pX~t) j ky 
~(52) c t) = f (tlt 2)(Pjky 8 (t-tl+t 2)
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Taking the Fourier transform of eq.(52) gives
(53) Sop (w) = Mjky (w)Sjk 8 (w)
where
(54) Mjk8 (Lu) = (2n Jy(w)) (2 Jk (w))
when j = k, the M's are called auto-matrices
when J # k, the M's are called cross-matrices
The difficulty of the general problem has now been reduced to the
evaluation of the interference
(55) CPJk8(t) = f (t+t)? (t)
It will turn out in the next section that, for an important class of
cases, the Fourier transform of eq.(55) separates, i.e.,
(56) Sjky8 (w) = Nk(W)S78 () 
This leads to an important simplification in which Njk(w) is characteristic
of the statistical distribution of scattering centers. In view of
eq.(56) one may write
(57) M 8(w) = N ()Mky8 (w)
as aGeneral Law for the Computation of Mueller Matrices.
as a General Law for the Computation of Mueller Matrices.
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Standard Forms for N k(w)
,- .
The importance of Njk(w) is well illustrated by three examples
which embody a unification of the treatment of scattering from liquids,
solids, and gases, i.e., coherent scattering (solids), partially
coherent scattering (liquids, electrolytes ), and incoherent scattering
(gases).
1. Coherent Scattering.
( ( ') (rj )
(58) Njk(S,S',w) = e V
2. Incoherent Scattering.
(59) NJk = 8jk
3. Partially Coherent Scattering.
lwhen J = k
(60) NJk( ,w) = ( jk (SIwhen J~k
S = w -~s ; i (S) = (p~r)-n)
where: N = concentration, p(r) = radial concentration density.
In the case of an electrolyte:
(61) i(S) = +
21 + ()
where: + applies to ions with opposite sign
- applies to ions with same sign.
(62) K2 = 2nZ2
- kT'
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Generalized Mueller Algebra.
In view of eq.(57), eq.(53) may be rewritten.
(63) S' (W) = M() S ((63)p Sr& 8
in which M (w) is the Mueller matrix of the scattering system as
a whole, i.e., the Mueller matrix for a general instrument. There is
a three step rule for computing this matrix
Step 1. Compute M k 8 from eq.(54)
Step 2. Compute Nk as will be shown in the next section
Step 3. Compute M from eq.(57)
With the aid of the " index reduction" transformation, eq.(48), these
multi-index expressions can be reduced to square arrays. The transfer
relation for the general instrument is then expressible in the customary
matrix-vector form
As a result, the difficulties of the problem of the effect of the
general instrument on any radiation (w) reduces to the computation
of M (w), as outlined above, followed by an "index reduction" transformation
into the matrix )(w).
9. Composition of Mueller Matrices.
One returns now to eq.(55) and to the difficulty which was bypassed
at that point. Written slightly more fully, this equation becomes
(4) 'Jk8(t) = f t +ta- v 
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where correlation on to is indicated. To carry on from this point
one can make a very useful simplifying assumption, namely that the
t in ri(t) and the t appearing explicitly in f(t) may be averaged
separately. This is tantamount to assuming that the motion of the
scattering centers is so sluggish with respect to the period of the
radiation that the frequency distribution of the outcoming radiation
is negligibly modified. This is called the quasi-stationary approximation.
It is the only one considered in this report. The next order of
approximation involves more information about the statistics of the
particle and is an important area for further research. The quasi-
stationary approximation was seen to lead to results of recognized
importance and certainly merits attention.
With the above preamble, one may write
(65) (t) = (S-St)(rj(t2) - rk(t2))) *
(6)jk~y6 y (t +tl- v (t)
involving correlation on t and average on t2, a special case of
correlation. Equation (65) may now be written
(S-S').(rj(t2) - rk(t2))
(66) Jk$(t)  = &(lt -v
The Fourier transform of this last expression is,
i(S-S').-rj(t) - rk ( t 2) )
(67) Sky (w) = S e (w) 
One then introduces the notation
(T (S-S). r(t) - rk(t))
= 2T v dt
T-°oo -T
(69) S 1 ye8 = Njk (W)S ()
which is eq. (56), the required separation
-25-
10. Summary.
The form of the exposition has been compact, logical, and abstract.
This is an inevitable consequence of the fact that the underlying
idea is relatively simple and the range of application exceedingly
broad. While such an exposition is perhaps difficult during a first
approach to the subject it is much more convenient from the standpoint
of memory, comprehension and reference, after the initial difficulties
have been overcome.
As an aid to the visualization of the interrelation of the various
algebras, a block diagram, (Fig.4) has been constructed. This diagram
refers to the sections of the report and to the key forms taken by the
basic transfer relation
(output) = (transfer function) (input)
in which the operator or transfer function representing the instrument
acts on the incoming radiation to give the outcoming radiation. The
difference in the various optical algebras lies in the form taken
by these operators and mathematical elements representing the radiation.
There is also an important difference in the class of situation which
the different algebras are capable of depicting.
The situation may be summarized by noting that methods, classical
or quantum mechanical, exist for the computation of the J(w) in elementary
Jones frequency-algebra. Theory also provides a basis for estimating
the statistical properties of e(t), the time representation of the
incoming radiation. On the other hand, experimental methods exist
for the determination of L(w) and M(w), in Mueller frequency-algebra.
To be able to compare theory and experiment or to develop a rational
approach to engineering problems, it is necessary to have a bridge
from Jones algebra to Mueller algebra. This bridge is the subject
matter of this report.
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In Fig. 4, the processes by which one passes from one algebra to
the next are denoted by
7 .- Fourier Transform
W. =Wiener Correlation
Z -=Direct Sum
It might be pointed out that the term "algebra" is used in the technical
sense as it is understood in modern works on abstract algebra.l The
interesting fact is that each of the operations of the algebra have
physical operational significance, e.g., addition of matrices corresponds
to instruments in parallel, multiplication of matrices corresponds to
instruments in series. The statistics of the problem enters at the
Jones time-algebra in which the Maxwell vectors e(t) are random functions
of time and at the generalized Jones time-algebra in which the position
vectors of the scattering centers are random functions of time.
The relation
(70) Mi8(w) = (2 rJY(w)) (2J(w))
between the Jones and Mueller matrices is probably the most fundamental
formula of the whole theory. This relation is not unique to the optical
problem but appears also in Y.W. Lee's forthcoming report and in
Vol. 25 of the Radiation Laboratory Series, cited previously. It is
this linear-quadratic duality between theoretical quantities and
observables which is fundamental in optics, quantum theory, communication
networks, and servomechanisms. One may summarize by saying that Wiener's
Generalized Harmonic Analysis provides a systematic approach to the
problem of passing from the linear theory of systems in terms of
transfer function to the statistical quadratic theory of systems in
terms of the squares of the linear transfer functions.
1) Cf. Parke,N.G.:"Guide to the Literature of Mathematics and Physics,"
McGraw-Hill,N.Y.,1947. p.85.
